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Abstract
A basic idea is proposed for extending the formalism of Part (II) of the series of
our paper to the case of the parameter-dependent deformation. It is stressed that,
through this extension, the variety of the application increases. Further, an answer for
the problem mentioned in Part (II) is presented.
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§1. Introduction
In Part (II), 1) the present authors proposed a possible form of the boson coherent state
which consists of the orthogonal states with the even- and the odd-boson states. This is a
superposition of the boson-pair states |ch〉 and |sh〉, which have been investigated in Part
(I). 2) The coefficients of the superposition are given by new parameters and the special case
corresponds to the conventional boson coherent state. The basic viewpoint exists in the
deformed boson scheme investigated by the present authors 3) and the idea comes from that
proposed also by the present authors. 4) In Part (II), f˜(k) characterizing the deformation was
of the parameter-independence. For the sake of this fact, the applicability of the deformed
boson scheme presented in (II) may be not so wide as that expected.
The main aim of this paper, Part (III), may be clear : The basic idea of Part (II) is
extended to the case in which f˜(k) is of the parameter-dependence. We can show that
even if f˜(k) depends on the parameter, the essential part of the formalism given in (II) is
unchanged. Only the relation (II.2·9a), then, (II.2·17), is slightly changed. Further, we will
demonstrate the variety of the applications by adopting various types of f˜(k) which depend
on the parameter.
In §2, first, the incentive to the reformulation of Part (II) is mentioned, and then, the
reformulation is performed. Section 3 is devoted to treating two illustrative cases. In §§4 and
5, various concrete examples for the illustrative cases are discussed. Through this discussion,
the variety of the applications is demonstrated. Finally, in §6, mainly, the problem mentioned
in Part (II) is solved.
§2. Incentive to the reformulation of Part (II)
Following Part (II), we continue to investigate the following state in the boson space
constructed by the boson operator (cˆ, cˆ∗) :
|cr〉 = u|ch〉+ (γ∗/|γ|)v|sh〉 , (2.1)
|ch〉 =
(√
Γch
)−1
||ch〉 , |sh〉 =
(√
Γsh
)−1
||sh〉 , (2.2)
||ch〉 = |0〉+
∞∑
n=1
γ2n√
(2n)!
f˜(0)f˜(1) · · · f˜(2n− 1)|2n〉 , (2.3a)
||sh〉 =
∞∑
n=0
γ2n+1√
(2n+ 1)!
f˜(0)f˜(1) · · · f˜(2n)|2n+ 1〉 , (2.3b)
|k〉 =
(√
k!
)−1
(cˆ∗)k|0〉 . (cˆ|0〉 = 0) (2.4)
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Here, f˜(k) denotes function of k which does not depend on any parameter :
f˜(0) = 1 , f˜(k) > 0 . (k = 1, 2, 3, · · ·) (2.5)
The quantities γ and v denote complex parameters and u is real one obeying
u2 + |v|2 = 1 . (2.6)
The normalization constants Γch and Γsh are given by
Γch = 1 +
∞∑
n=1
(|γ|2)2n
(2n)!
(
f˜(0)f˜(1) · · · f˜(2n− 1)
)2
, (2.7a)
Γsh =
∞∑
n=0
(|γ|2)2n+1
(2n+ 1)!
(
f˜(0)f˜(1) · · · f˜(2n)
)2
. (2.7b)
Under the above Γch and Γsh, |cr〉 is normalized as
〈cr|cr〉 = 1 . (2.8)
First, we must mention the incentive to the reformulation of Part (II). Let a certain state
|cr〉 give us, for example, the following normalization constant :
Γch =
√
1 + |γ|4 , Γsh = |γ|2
(√
1 + |γ|4
)3
. (2.9)
The above Γch and Γsh can be formally expanded as
Γch = 1 +
∞∑
n=1
(|γ|2)2n
(2n)!
(−)n+1(2n− 3)!!(2n− 1)!! , (2.10a)
Γsh = |γ|2 + (3/2)|γ|6 + (3/8)|γ|10
+3
∞∑
n=3
(|γ|2)2n+1
(2n + 1)!
(−)n(2n− 5)!!(2n+ 1)!! . (2.10b)
The form (2.10) shows two troubles to be solved. One is related to the convergence of the
series expansion. The expansion (2.10) is divergent in the domain |γ|2 ≥ 1. The other
is more serious than the first. The cases n =even in the expansion (2.10a) and n =odd
in the expansion (2.10b) give us negative expansion coefficients and this means that the
states |2n〉 and |2n+ 1〉 cannot present us positive-definite norms. Therefore, inevitably, we
have to conclude that there does not exist the state with the form (2.3) which leads to the
normalization constant (2.9).
In order to solve the above-mentioned trouble, we rewrite Γch and Γsh as follows :
Γch =

√√√√1− |γ|4
1 + |γ|4
−1 , Γsh = |γ|2

√√√√1− |γ|4
1 + |γ|4
−3 . (2.11)
3
Then, Γch and Γsh can be expanded in terms of |γ|4/(1+|γ|4) which satisfies |γ|4/(1+|γ|4) < 1
for any magnitude of |γ|4 :
Γch = 1 +
∞∑
n=1
(|γ|2)2n
(2n)!
[(2n− 1)!!]2 1
(1 + |γ|4)n , (2
.12a)
Γsh =
∞∑
n=0
(|γ|2)2n+1
(2n+ 1)!
[(2n + 1)!!]2
1
(1 + |γ|4)n . (2
.12b)
The states ||ch〉 and ||sh〉 which give the above Γch and Γsh are obtained in the form
||ch〉 = |0〉+
∞∑
n=1
γ2n√
(2n)!
(2n− 1)!! 1
(
√
1 + |γ|4)n
|2n〉 , (2.13a)
||sh〉 =
∞∑
n=0
γ2n+1√
(2n+ 1)!
(2n+ 1)!!
1
(
√
1 + |γ|4)n
|2n+ 1〉 . (2.13b)
We can see that, in the relations (2.12) and (2.13), the trouble mentioned in the part after
the relation (2.10 is completely removed. However, associating with this fact, we must under-
stand that the function f˜(k) characterizing the deformation depends on the real parameter
|γ|4. In this case, f˜(k) is given as
f˜(2n− 1) = 1√
1 + |γ|4
, f˜(2n) = 2n+ 1 . (2.14)
Thus, we have to conclude that, in order to treat the case such as the form (2.9) in the
framework of Part (II), the reformulation is necessary so as to be able to describe the case
in which f˜(k) depends on real parameter.
Following the above-mentioned incentive, we reformulate Part (II). This task is quite
easily performed. All the relations except for the relation (II.2·9a), and then (II.2·17) are
still available in the present case. In the case where f˜(k) depends on real parameter, Γch
and Γsh are expressed as
Γch = 1 +
∞∑
n=1
(|γ|2)2n
(2n)!
(
f˜(0, δ)f˜(1, δ) · · · f˜(2n− 1, δ)
)2
, (2.15a)
Γsh =
∞∑
n=0
(|γ|2)2n+1
(2n+ 1)!
(
f˜(0, δ)f˜(1, δ) · · · f˜(2n, δ)
)2
. (2.15b)
Here, δ denotes real parameter including |γ|4 and f˜(k, δ), of course, should satisfy
f˜(0, δ) = 1 , f˜(k, δ) > 0 . (k = 1, 2, 3, · · ·) (2.16)
For the derivative of Γch and Γsh with respect to |γ|2 are defined as
Γ ′ch =
∞∑
n=1
1
(2n)!
d
d|γ|2 (|γ|
2)2n ·
(
f˜(0, δ)f˜(1, δ) · · · f˜(2n− 1, δ)
)2
, (2.17a)
Γ ′sh =
∞∑
n=0
1
(2n+ 1)!
d
d|γ|2 (|γ|
2)2n+1 ·
(
f˜(0, δ)f˜(1, δ) · · · f˜(2n, δ)
)2
. (2.17b)
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It should be noted that, even if δ = |γ|4 or a function of |γ|4, the differential of f˜(k, δ) for
|γ|2 is not necessary to calculate. We can expect that the variety in the application of the
basic idea of Part (II) increases if we accept the parameter-dependent f˜(k).
§3. Two illustrative cases
In order to demonstrate the usefulness of the idea given in §2, first, we investigate the
following case :
||ch〉 = |0〉+
∞∑
n=1
γ2n√
(2n)!
(2n− 1)!!(gch)n|2n〉 , (3.1a)
||sh〉 =
∞∑
n=0
γ2n+1√
(2n + 1)!
(2n+ 1)!!(gsh)
n|2n+ 1〉 . (3.1b)
Here, gch and gsh denote positive functions for |γ|4. The normalization constants Γch and
Γsh are given in the form
Γch = 1 +
∞∑
n=1
(|γ|2)2n
(2n)!
[(2n− 1)!!]2(gch)2n , (3.2a)
Γsh =
∞∑
n=0
(|γ|2)2n+1
(2n+ 1)!
[(2n + 1)!!]2(gsh)
2n . (3.2b)
The expansion (3.2) is convergent, if gch and gsh obey
|γ|4g2ch < 1 , |γ|4g2sh < 1 . (3.3)
Under this condition, the expansion (3.2) can be expressed compactly as
Γch =
(√
1− |γ|4g2ch
)−1
, Γsh = |γ|2
(√
1− |γ|4g2sh
)−3
. (3.4)
The case g2ch = g
2
sh = (1 + |γ|4)−1 corresponds to the relation (2.11). The relation (2.17)
gives
Γ ′ch = |γ|2g2ch
(√
1− |γ|4g2ch
)−3
, (3.5a)
Γ ′sh =
(√
1− |γ|4g2sh
)−3
+ 3|γ|4g2sh
(√
1− |γ|4g2sh
)−5
. (3.5b)
Then, we have (
Γ ′
Γ
)
ch
=
|γ|2g2ch
1− |γ|4g2ch
, (3.6a)(
Γ ′
Γ
)
sh
− 1|γ|2 =
3|γ|2g2sh
1− |γ|4g2sh
. (3.6b)
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The form (3.6) leads to
2|c|2 = |γ|4
(
u2g2ch
1− |γ|4g2ch
+
3|v|2g2sh
1− |γ|4g2sh
)
. (3.7)
Here, we used the relation (II.2·17). We can determine |γ|4 as a function of 2|c|2, if gch and
gsh are given concretely. Then, following the method shown in Part (II), γ and v can be
expressed in the form
γ =
√√
2c · 4
√
Fcr , v = η . (3.8)
The functions f˜(2n− 1, δ) and f˜(2n, δ) in the present case can be calculated as
f˜(2n− 1, δ) = gch · (gch/gsh)n−1 , f˜(2n, δ) = (2n+ 1) · (gsh/gch)n . (3.9)
With the use of the form (3.9), the expectation value of wtildef(Nˆ) · f˜(Nˆ + 1) for |ch〉 and
|sh〉 is obtained :
(
f˜(N) · f˜(N + 1)
)
ch
=
gch
1− |γ|4g2ch
, (3.10a)
(
f˜(N) · f˜(N + 1)
)
sh
=
3gsh
1− |γ|4g2sh
. (3.10b)
These are used for calculating the expectation value of cˆ2/2.
Next, we investigate the following case :
||ch〉 = |0〉+
∞∑
n=1
γ2n√
(2n)!
√
(2n− 1)!!(gch)n|2n〉 , (3.11a)
||sh〉 =
∞∑
n=0
γ2n+1√
(2n+ 1)!
√
(2n+ 1)!!(
√
3gsh)
n|2n+ 1〉 . (3.11b)
The above form should be compared with the form (3.1). The normalization constants are
given as
Γch = 1 +
∞∑
n=1
(|γ|2)2n
(2n)!
(2n− 1)!!(gch)2n = exp
(
|γ|4g2ch/2
)
, (3.12a)
Γsh =
∞∑
n=0
(|γ|2)2n+1
(2n+ 1)!
(2n+ 1)!!(
√
3gsh)
2n = |γ|2 exp
(
3|γ|4g2sh/2
)
. (3.12b)
The quantities Γ ′ch and Γ
′
sh are calculated as
Γ ′ch = |γ|2g2ch exp
(
|γ|4g2ch/2
)
, (3.13a)
Γ ′sh =
(
1 + 3|γ|4g2sh
)
exp
(
3|γ|4g2sh/2
)
. (3.13b)
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Then, we have (
Γ ′
Γ
)
ch
= |γ|2g2ch , (3.14a)(
Γ ′
Γ
)
sh
− 1|γ|2 = 3|γ|
2g2sh . (3.14b)
With the use of the relation (3.14), 2|c|2 is expressed in the form
2|c|2 = |γ|4(u2g2ch + 3|v|2g2sh) . (3.15)
In this case, also, we have
γ =
√√
2c · 4
√
Fcr , v = η . (3.16)
The functions f˜(2n− 1, δ) and wtildef(2n, δ) in the present case can be given as
f˜(2n− 1, δ) = gch(gch/
√
3gsh)
n−1 , (3.17a)
f˜(2n, δ) =
√
2n+ 1 · (
√
3gsh/gch)
n . (3.17b)
With the use of the relation (3.17), we can calculate the quantities (f˜(N) · f˜(N + 1))ch and
(f˜(N) · f˜(N +1))sh. However, the existence of
√
2n + 1 in the relation (3.17b) does not give
the exact result in compact form :(
f˜(N) · f˜(N + 1)
)
ch
≈ gch
√
1 + |γ|4g2ch , (3.18a)(
f˜(N) · f˜(N + 1)
)
sh
≈ 3gsh
√
1 + |γ|4g2sh . (3.18b)
The above approximate expressions are obtained under the idea presented in Part (I).
§4. The simplest examples
With the use of various examples, we can investigate the relations presented in §3 in
more detail. First example is the following case for the state (3.1a) and (3.1b) :
gch =
√
λ
1 + λ|γ|4 , gsh =
√
µ
1 + µ|γ|4 . (4
.1)
Here, λ and µ denote positive constants. Then, the relation (3.7) is reduced to
2|c|2 = |γ|4(u2λ+ 3|v|2µ) ,
i.e.,
|γ|4 = 2|c|2(u2λ+ 3|v|2µ)−1 . (4.2)
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The above relation gives
γ =
√√
2c ·
(
4
√
u2λ+ 3|v|2µ
)−1
. (4.3)
The expectation value of τˆ− which is defined in (II.2·19) is calculated in the form
(τ−)cr =
u2λ
u2λ+ 3|v|2µc
√
u2λ+ 3|v|2µ
2λ
+ |c|2
+
3|v|2µ
u2λ+ 3|v|2µc
√
u2λ+ 3|v|2µ
2µ
+ |c|2 ,
u2 = 1− |η|2 , |v|2 = |η|2 . (4.4)
The quantity (τ0)cr is given in the relation (II.2·21) :
(τ0)cr = |c|2 + |η|2/2 + 1/4 . (4.5)
The cases λ = µ and λ = 3µ lead to the following forms, respectively :
(τ−)cr = c
√
1/2 + |η|2 + |c|2 , (λ = µ) (4.6)
(τ−)cr = u
2c
√
1/2 + |c|2 + |v|2c
√
3/2 + |c|2 , (λ = 3µ) (4.7)
The forms (4.6) and (4.7) are identical with the relations (II.3·10) and (II.3·20), respectively.
The case (II.3·20) is approximately obtained. Further, if λ→∞ (µ is finite) and µ→∞ (λ
is finite), we have, respectively,
(τ−)cr = c
√
u2/2 + |c|2 , (λ→∞) (4.8)
(τ−)cr = c
√
|v|2/2 + |c|2 , (µ→∞) (4.9)
From the above argument, we can understand that, by changing the magnitudes of λ and
µ, infinite types for the deformations are derived. This is one of the merits for adopting
parameter-dependent f˜(k). The case shown in the introductory part of §2 corresponds to
the case λ = µ.
Next, we treat the following case for the states (3.11a) and (3.11b) :
gch =
√
λ , gsh =
√
µ . (4.10)
Here, of course, λ and µ are positive constants. Therefore, the relation (3.15) becomes of the
same form as the form (4.2), and then, the form (4.3). This means that the relations (4.4) and
(4.5) keep their forms in the present case. However, the relation (4.4) holds approximately.
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§5. More complicated examples
Our next investigation concerns with more complicate example than those discussed in
§4. For the state (3.1), we treat gch and gsh in the following three cases :
(i) gch =
√√√√ λ
β +
√
α2 + |γ|4 + λ|γ|4
, (5.1a)
gsh =
√√√√ µ
α +
√
α2 + |γ|4 + µ|γ|4
, (5.1b)
(ii) gch =
√√√√ λ
α +
√
α2 + |γ|4 + λ|γ|4
, (5.2a)
gsh =
√√√√ µ
β +
√
α2 + |γ|4 + µ|γ|4
, (5.2b)
(iii) gch =
√√√√ λ
α+
√
α2 + |γ|4 + λ|γ|4
, (5.3a)
gsh =
√√√√ µ
β +
√
β2 + |γ|4 + µ|γ|4
, (5.3b)
Here, α, β, λ and µ denote positive or negative constants. By substituting the above three
forms into the relation (3.7), we have the relations
2|c|2 = |γ|4
 u2λ
β +
√
α2 + |γ|4
+
3|v|2µ
α +
√
α2 + |γ|4
 , (5.4)
2|c|2 = |γ|4
 u2λ
α +
√
α2 + |γ|4
+
3|v|2µ
β +
√
α2 + |γ|4
 , (5.5)
2|c|2 = |γ|4
 u2λ
α +
√
α2 + |γ|4
+
3|v|2µ
β +
√
β2 + |γ|4
 , (5.6)
Although we do not show the explicit forms, the relations (5.4) ∼ (5.6) can be solved for
|γ|4 as functions of 2|c|2 in the framework of quadratics. Further, the relation (3.10) is, in
the present case, reduced to
(
f˜(N) · f˜(N + 1)
)
ch
=
√
λ
√√√√√ 1
β +
√
α2 + |γ|4
+
λ|γ|4
(β +
√
α2 + |γ|4)2
, (5.7a)
(
f˜(N) · f˜(N + 1)
)
sh
= 3
√
µ
√√√√√ 1
α +
√
α2 + |γ|4
+
µ|γ|4
(α +
√
α2 + |γ|4)2
, (5.7b)
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(
f˜(N) · f˜(N + 1)
)
ch
=
√
λ
√√√√√ 1
α +
√
α2 + |γ|4
+
λ|γ|4
(α+
√
α2 + |γ|4)2
, (5.8a)
(
f˜(N) · f˜(N + 1)
)
sh
= 3
√
µ
√√√√√ 1
β +
√
α2 + |γ|4
+
µ|γ|4
(β +
√
α2 + |γ|4)2
, (5.8b)
(
f˜(N) · f˜(N + 1)
)
ch
=
√
λ
√√√√√ 1
α +
√
α2 + |γ|4
+
λ|γ|4
(α+
√
α2 + |γ|4)2
, (5.9a)
(
f˜(N) · f˜(N + 1)
)
sh
= 3
√
µ
√√√√√ 1
β +
√
β2 + |γ|4
+
µ|γ|4
(β +
√
β2 + |γ|4)2
. (5.9b)
We can see that (α = 1, β = 0, λ = 1, µ = 1/3) and (α = 3/2, β = −1/2, λ = 1, µ = 1/3) in
the relation (5.4) correspond to the relations (II.6·7) and (II.6·9), respectively.
First of all, we show an exact solution in a simple form ; the case α = β. In this case,
three forms (5.1) ∼ (5.3) are identical to each other. The relations (5.4) ∼ (5.6) are reduced
to the following :
2|c|2 = |γ|4
 u2λ
α +
√
α2 + |γ|4
+
3|v|2µ
α +
√
α2 + |γ|4
 . (5.10)
Further, the relations (5.7) ∼ (5.9) are reduced to
(
f˜(N) · f˜(N + 1)
)
ch
=
√
λ
√√√√√ 1
α +
√
α2 + |γ|4
+
λ|γ|4
(α+
√
α2 + |γ|4)2
, (5.11a)
(
f˜(N) · f˜(N + 1)
)
sh
= 3
√
µ
√√√√√ 1
α +
√
α2 + |γ|4
+
µ|γ|4
(α +
√
α2 + |γ|4)2
. (5.11b)
The relation (5.10) gives the following :
|γ|4 = 2|c|22α(u
2λ+ 3|v|2µ) + 2|c|2
(u2λ+ 3|v|2µ)2 , (5
.12)
i.e.,
γ =
√√
2c · 4
√√√√2α(u2λ+ 3|v|2µ) + 2|c|2
(u2λ+ 3|v|2µ)2 . (5
.13)
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The relation (5.11) is expressed as
(
f˜(N) · f˜(N + 1)
)
ch
= λ
√√√√ u2λ+3|v|2µ2λ + |c|2
α(u2λ+ 3|v|2µ) + |c|2 , (5
.14a)
(
f˜(N) · f˜(N + 1)
)
sh
= µ
√√√√ u2λ+3|v|2µ2µ + |c|2
α(u2λ+ 3|v|2µ) + |c|2 . (5
.14b)
With the use of the relations (5.13) and (5.14), (τ−)cr is obtained in the form
(τ−)cr =
u2λ
u2λ+ 3|v|2µc
√
u2λ+ 3|v|2µ
2λ
+ |c|2
+
3|v|2µ
u2λ+ 3|v|2µc
√
u2λ+ 3|v|2µ
2µ
+ |c|2 ,
u2 = 1− |η|2 , |v|2 = |η|2 . (5.15)
We can see that the form (5.15) is identical to the relation (4.4).
Next, we investigate the case α 6= β. In principle, we can show the exact result in concrete
form for this case. However, it is too complicated to demonstrate the physical significance.
Then, we discuss the approximate forms for the tow regions |γ|2 →∞ and |γ|2 sin 0. In the
region |γ|2 → ∞, by picking the leading terms for |γ|4 in the relation (5.4), Fcr introduced
in the relation (II.2·12) in the case (i) is given as
Fcr =
2(|c|2 + (u2λβ + 3|v|2µα))
(u2λ+ 3|v|2µ)2 . (5
.16)
By exchanging α and β in the form (5.16), we obtain Fcr for the case (ii) and (iii). Picking
also the leading terms for |γ|4 in the relation (5.7), we have the following form for the case
(i) :
u2
(
f˜(N) · f˜(N + 1)
)
ch
+ |v|2
(
f˜(N) · f˜(N + 1)
)
sh
= u2λ
√√√√1 + (1
λ
− 2β
)
u2λ+ 3|v|2µ
2|c|2
+3|v|2µ
√√√√1 + (1
µ
− 2α
)
u2λ+ 3|v|2µ
2|c|2 =
˜˜
f . (5.17)
Since 2|c|2 is sufficiently large, ˜˜f can be rewritten as follows :
˜˜
f = (u2λ+ 3|v|2µ)
√√√√1− u2(2βλ− 1) + 3|v|2(2αµ− 1)
2|c|2 . (5
.18)
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By exchanging α and β in the forms (5.17) and (5.18), we obtain
˜˜
f in the cases (ii) and (iii).
With the use of the relations (5.16) and (5.18), (τ−)cr is obtained in the form
(τ−)cr =
1
2
γ2 · ˜˜f = c√Fcr/2 · ˜˜f
= c
√
|c|2 + |v|2 + 1/2 . (5.19)
The form (5.19) is also valid for the cases (ii) and (iii). It may be interesting to see that the
form (5.19) does not depend on the parameters α, β, λ and µ.
On the other hand, the expressions in the region |γ|2 ∼ 0 are rather complicated. The
quantity Fcr for the cases (i), (ii) and (iii) are given in the following forms :
(i) Fcr =
(
u2λ
α + β
+
3|v|2µ
2α
)−1
×
1 + ( u2λ
2α(α+ β)2
+
3|v|2µ
(2α)3
)(
u2λ
α + β
+
3|v|2µ
2α
)−2
· 2|c|2
 , (5.20)
(ii) Fcr =
(
u2λ
2α
+
3|v|2µ
α + β
)−1
×
1 + ( u2λ
(2α)3
+
3|v|2µ
2α(α+ β)2
)(
u2λ
2α
+
3|v|2µ
α+ β
)−2
· 2|c|2
 , (5.21)
(iii) Fcr =
(
u2λ
2α
+
3|v|2µ
2β
)−1
×
1 + ( u2λ
(2α)3
+
3|v|2µ
(2β)3
)(
u2λ
2α
+
3|v|2µ
2β
)−2
· 2|c|2
 , (5.22)
Under the condition |γ|2 ∼ 0, the relations (5.20) ∼ (5.22) are derived from the relations
(5.4) ∼ (5.6). Further, we have the following forms for the quantity ˜˜f :
(i)
˜˜
f = u2
√
λ
α+ β
√√√√1 + 2
α+ β
(
λ− 1
2α
) |c|2
u2λ
α+β
+ 3|v|
2µ
2α
+3|v|2
√
µ
2α
√√√√1 + 1
α
(
µ− 1
2α
) |c|2
u2λ
α+β
+ 3|v|
2µ
2α
, (5.23)
(ii)
˜˜
f = u2
√
λ
2α
√√√√1 + 1
α
(
λ− 1
2α
) |c|2
u2λ
2α
+ 3|v|
2µ
α+β
+3|v|2
√
µ
α + β
√√√√1 + 2
α + β
(
µ− 1
2α
) |c|2
u2λ
2α
+ 3|v|
2µ
α+β
, (5.24)
(iii)
˜˜
f = u2
√
λ
2α
√√√√1 + 1
α
(
λ− 1
2α
) |c|2
u2λ
2α
+ 3|v|
2µ
α+β
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+3|v|2
√
µ
2β
√√√√1 + 1
β
(
µ− 1
2β
) |c|2
u2λ
2α
+ 3|v|
2µ
2β
, (5.25)
Under the condition 2|c|2 ∼ 0, the relations (5.23) ∼ (5.25) can be rewritten as
(i)
˜˜
f =
(
u2
√
λ
α + β
+ 3|v|2
√
µ
2α
)
×
√√√√√√1 + u2
(√
λ
α+β
)3 (
1− 1
2αλ
)
+ 3|v|2
(√
µ
2α
)3 (
1− 1
2αµ
)
(
u2
√
λ
α+β
+ 3|v|2
√
µ
2α
) (
u2λ
α+β
+ 3|v|
2µ
2α
) · 2|c|2 , (5.26)
(ii)
˜˜
f =
u2
√
λ
2α
+ 3|v|2
√
µ
α + β

×
√√√√√√√√1 +
u2
(√
λ
2α
)3 (
1− 1
2αλ
)
+ 3|v|2
(√
µ
α+β
)3 (
1− 1
2αµ
)
(
u2
√
λ
2α
+ 3|v|2
√
µ
α+β
) (
u2λ
2α
+ 3|v|
2µ
α+β
) · 2|c|2 , (5.27)
(iii)
˜˜
f =
u2
√
λ
2α
+ 3|v|2
√
µ
2β

×
√√√√√√√√1 +
u2
(√
λ
2α
)3 (
1− 1
2αλ
)
+ 3|v|2
(√
µ
2β
)3 (
1− 1
2βµ
)
(
u2
√
λ
2α
+ 3|v|2
√
µ
2β
)(
u2λ
2α
+ 3|v|
2µ
2β
) · 2|c|2 , (5.28)
Under the form (5.19) with the condition 2|c|2 ∼ 0, we can express (τ−)cr in the form
c · 1/(√2√A) ·
√
1 +B/(2A2) · 2|c|2. In each case of (i), (ii) and (iii), A and B can be
given as functions of α, β, λ, µ, u2 and |v|2. Compared with the form (5.19) for the region
2|c|2 →∞ is complicatedly related with these parameters.
§6. Discussion
Starting point of this paper is to give an answer for the problem mentioned in §6 of (II),
in which two approximate forms for the function tanh |γ|2 are discussed. This function plays
a central role in the extension from the conventional boson coherent state. In the region
2|c|2 →∞, the three cases give approximately
(τ−)cr = c
√
|c|2 + |v|2 , (6.1a)
(τ−)cr = c
√
|c|2 + |v|2 , (6.1b)
(τ−)cr = c
√
|c|2 + (3/2)|v|2 − 1/2 . (6.1c)
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In the region 2|c|2 ∼ 0, we have approximate forms :
(τ−)cr = c
1√
2
1√
u2 + (1/3)|v|2
×
√√√√1 + (1/3) u2 + (1/15)|v|2
(u2 + (1/3)|v|2)2 · 2|c|
2 , (6.2a)
(τ−)cr = c
1√
2
1√
u2 + (1/2)|v|2
×
√√√√1 + (1/2) u2 + (1/4)|v|2
(u2 + (1/2)|v|2)2 · 2|c|
2 , (6.2b)
(τ−)cr = c
1√
2
1√
u2 + (1/3)|v|2
×
√√√√1 + (1/3) u2 + (1/9)|v|2
(u2 + (1/3)|v|2)2 · 2|c|
2 . (6.2c)
The above (τ−)cr is obtained in the form
(τ−)cr = γ
2/2 = c
√
Fcr/2 , (6.3)
|γ|4 = 2|c|2 · Fcr . (6.4)
Here, Fcr is a function of 2|c|2. The function Fcr in each case is obtained through the relation
2|c|2 = |γ|4
(
u2
tanh |γ|2
|γ|2 + |v|
2 |γ|2 coth |γ|2 − 1
|γ|2
)
, (6.5a)
2|c|2 = |γ|4
u2 1√
1 + |γ|4
+ |v|2 1√
1 + |γ|4 + 1
 , (6.5b)
2|c|2 = |γ|4
u2 1√
9/4 + |γ|4 − 1/2
+ |v|2 1√
9/4 + |γ|4 + 3/2
 . (6.5c)
As was already mentioned, there does not exist any state which produces the relations (6.5b)
and (6.5c) in the framework of the idea of Part (II).
One of the main aim of this section is to investigate the relation between the forms
presented in §5 and those given in this section ((6.1) ∼ (6.5)). For this purpose, we must
note the function
˜˜
f given in the relation (5.18), which is written as
(τ−)cr = γ
2/2 · ˜˜f . (6.6)
The above is nothing but the relation (5.19). If omitting the effect of
˜˜
f (
˜˜
f = 1), the relation
(6.6) gives, in the region 2|c|2 →∞, the same forms as those shown in the relation (6.1b) and
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(6.1c) for the case (α = 1, β = 0, λ = 1, µ = 1/3) and (α = 3/2, β = −1/2, λ = 1, µ = 1/3),
respectively. But, in any value of the parameters (α, β, λ, µ), the function
˜˜
f produces the
result (5.19). Roughly speaking, the result is close to the form (6.1a) in a form similar to
those shown in the relations (6.1b) and (6.1c).
Our next concern is related to the behavior in the region 2|c|2 → 0. If we intend to
connect our present form with the relation (6.2), it may be reasonable to search the form in
the following form :
(τ−)cr = c · 1√
2
· 1√
A0u2 +B0|v|2
×
√√√√1 + A1u2 +B1|v|2
(A0u2 +B0|v|2)2 · 2|c|
2 . (6.7)
Here, we regard A0, B0, A = 1 and B1 as independent of u
2 and |v|2. With the use of the
relations (5.20) ∼ (5.22) and (5.26) ∼ (5.28), we can determine the result :
A0 = 1 , B0 = 1/3 , A1 = 1 , B1 = 1/27 . (6.8)
It should be noted that the result (6.8) is common to the three cases. Then, we have
(τ−)cr = c · 1√
2
· 1√
u2 + (1/3)|v|2
×
√√√√1 + u2 + (1/27)|v|2
(u2 + (1/3)|v|2)2 · 2|c|
2 . (6.9)
However, the condition producing the result (6.8) is not common to the three cases :
(i) λ = (9/16)
α− β
α · (2α) , µ = (1/16)
α− β
α · (α+ β) , (α > β) (6
.10a)
(ii) λ = (9/16)
β − α
α · (2α) , µ = (1/16)
β − α
α · (α+ β) , (α < β) (6
.10b)
(iii) λ = (9/16)
(
1
α
+
1
β
)2
/2 · (β − α) ,
µ = (1/16)
(
1
α
+
1
β
)2
/2 · 2α(β − α) , (α < β) (6.10c)
Comparison of the result (6.9) with the form (6.2) may be interesting. The leading term is
completely the same as each other. But, the term in the next order is larger than that in
the form (6.2). This comes from the effect of wwtildef .
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Our next interest is to investigate the expectation value of cˆ, which we denote as (c)cr.
In this case, the formula shown in the relation (II.2·33) is also available :
(c)cr = uv|γ|
√
Γch/Γsh
(
f˜(N)
)
ch
+uv∗(γ2/|γ|)
√
Γch/Γsh
(
f˜(N)
)
sh
. (6.11)
In the state (3.1), which we are mainly interested in, we have
(
f˜(N)
)
ch
=
√
1− |γ|4g2ch(√
1− |γ|4gchgsh
)3 , (6.12a)
(
f˜(N)
)
sh
= gch
(√
1− |γ|4g2sh
)3
(√
1− |γ|4gchgsh
)3 . (6.12b)
The quantities Γch and Γsh are given in the relation (3.4). Then, we have the following form
for (c)cr :
(c)cr = (uv + uv
∗γ2gch)
√√
1− |γ|4g2ch
(√
1− |γ|4g2ch
)3
(√
1− |γ|4gchgsh
)3 . (6.13)
In the case (4.1), together with the relation (4.3), (c)cr is expressed in the form
(c)cr =
u√
u2+3|v|2µ/λ
2
v
√
u2 + 3|v|2µ/λ
2
+ |c|2 + v∗c

×

√√√√√√(u2 + 3|v|2µ/λ+ 2|c|2)(u2 + 3|v|2µ/λ+ 2|c|2µ/λ) +√µ/λ · 2|c|2
u2 + 3|v|2µ/λ+ (1 + µ/λ) · 2|c|2

3
,
u2 = 1− |v|2 , v = η . (6.14)
In the case λ = µ, we have
(c)cr =
√√√√ 1− |v|2
1/2 + |v|2
(√
1/2 + |v|2 + |c|2 + cv∗
)
. (6.15)
The above is of the same form as that obtained in Ref.4). Further, in the case λ = 3µ, the
form (6.14) is reduced to
(c)cr =
√
2u×
√√3
4
3 (√1/2 + |c|2v + c√
3
v∗
)
×

√√√√√√(1/2 + |c|2)(3/2 + |c|2) + |c|2
3/8 + |c|2

3
. (6.16)
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The cases (5.1) ∼ (5.3) with α = β are reduced to the same forms as that shown in the
relation (6.16). This is the same situation as that in the relations (4.4) and (5.15) for (τ−)cr.
The other cases are also in the situation similar to the cases (τ−)cr already discussed.
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